It is demonstrated how the software system polymake can be used for computations in toric geometry. More precisely, counter-examples to conjectures related to A-determinants and defect polytopes are constructed.
Introduction
polymake is a software system for computations in geometric combinatorics and related areas. The project was initiated in 1995 by Gawrilow and the first author [5] , and has continuously been expanded since. Recently, two important additions to the system have been accomplished [7] : 1. polymake now comes with an interactive shell similar to most computer algebra systems. 2. polymake has been extended to allow computations specific to the class of lattice polytopes, i.e., convex polytopes with integral vertex coordinates, and their relation to combinatorial commutative algebra, toric geometry, and integer programming. The latest release 2.9.9 of polymake was published on November 9, 2010 and can be obtained from http: //www.polymake.org.
polymake's functionality is organized in various applications. Currently there are graph, matroid, polytope, tropical, and topaz (short for topology applications zoo). Each application centers around objects, a representation for the basic mathematical objects dealt with, e.g., Polytope or LatticePolytope in the application polytope. Technically, objects are organized in a class hierarchy written in (a slightly extended dialect of) Perl. These extensions include the possibility to use C++-style template parameters (e.g. to specify a coordinate type) and a shared-memory communication model to interface with compiled C++-code. Semantically, objects are defined by their properties with can be used to derive further properties according to an extendible set of rules. For more about the general ideas behind polymake the reader should consult [5] , while [7] is a more recent account with a focus on lattice polytopes.
As a demonstration of polymake's features we show how it can be used to establish explicit counterexamples to some conjectures on defect polytopes in toric geometry. We consider several invariants of lattice polytopes proposed by Di Rocco [2] , show a way to compute them with polymake, and use this to give answers to questions posed in Section 6 of that paper. For basic properties of polytopes and related toric varieties we refer to Ewald [4] .
We start by introducing some notation. Let P be a lattice polytope, i.e., a polytope whose vertices are contained in Z d . Let F(P ) the set of all non-empty faces of P , including P itself. Further, we let F P (k) be the set of k-dimensional faces of P . For t ∈ N we define 
Computations and Counter-Examples
The code used in the following examples together with details on the computations done below is available from http://www.polymake.org/doku.php/tutorial/a_determinants. Using polymake's Perl dialect we have prepared a simple function ct invariant(P,t), that computes the function c t (P ) from (1). It takes a polytope P in the first, and the parameter t in the second argument. polymake relies on interfaces to several other software packages for efficient computations of special properties. The function ct invariant uses Normaliz [1] to compute the normalized volume. Now we can interactively apply ct invariant to some examples. Each input line to the polymake shell is preceded with the name of the currently active application:
polytope > $S = simplex(2); $Pi = prism($S); print ct_invariant($Pi,1); 0 polytope > print ct_invariant(hypersimplex(3,6),1); 136
That is, calling ct invariant on the prism Π over the standard triangle conv{0, e 1 , e 2 } yields c 1 (Π) = 0. We deduce that Π is a defect polytope; this is Example 2 in [2] . Repeating the same computation for the hypersimplex Δ(3, 6) (which is not simple and hence not smooth) yields 136; notice that the value given in [2, Ex. 10] is not correct. Using the connection between lattice polytopes and toric varieties Di Rocco proves that c t (P ) ≥ 0 for t ≥ 1 and any smooth lattice polytope P [2, Cor. 4]. In the sequel we use polymake to give answers to two open questions.
Lattice polytopes with c 1 negative. Conjecture 4 in the same paper asks whether c 1 (P ) ≥ 0 for any lattice polytope, not necessarily smooth. We introduce some more notation in order to give counter-examples. Let P be a lattice polytope in R d . The lattice pyramid of P is the lattice polytope pyr(P ) := conv(P × {0} ∪ v × {1}), where v is a vertex of P . We define the r-fold lattice pyramid of P inductively via pyr 0 (P ) := P and pyr r (P ) := pyr(pyr r−1 (P )) for r ≥ 1. We can apply this to the standard unit cube, and compute some of the invariants c t for lattice pyramids over the cube. Letting C = [0, 1] 3 be the unit cube it turns out that
With the knowledge of this example it is not hard to see that c r (pyr r (P )) = r!c 0 (P ) + (−1) d+1 r! for any d-dimensional lattice polytope P and r > 0. We have seen above that c 0 (C) = −2, and so we arrive at c r (pyr r (C)) = r!c 0 (C) + r! = −r! < 0.
Convolutions of Ehrhart polynomials.
Define the polynomial
where ehr(F, t) is the Ehrhart polynomial of F . [2, Conj. 5] asks whether all coefficients of f (P, t) are nonnegative. They are integral, as k! ehr(F, k) has integral coefficients for any k-dimensional lattice polytope. Again we will provide counter-examples. In polymake, we can write a short Perl-function f poly coeff to compute the coefficients of f (P, t). The returned vector lists the coefficients of the polynomial with increasing degree, i.e., the last entry is the leading coefficient of the polynomial. We can use the same example as before to show that the coefficients need not be non-negative. Here r fold pyr is a another small polymake script that computes the r-fold lattice pyramid pyr r (P ). It is not hard to see that the leading coefficient of this polynomial coincides with c 1 (P ). We are not aware of an example where another but the leading coefficient is negative.
